Introduction {#Sec1}
============

There is a long-standing hypothesis that the architecture of the vascular system is governed by the physiological principle of minimum work (Murray [@CR24]; Taber [@CR29]; Klarbring et al. [@CR15]; Liu and Kassab [@CR21]). The inferred target radius of an artery then becomes a function of the flow conditions within the blood vessel (Murray [@CR24]). In the present work, we extend this original idea of Murray so that also the material composition and wall thickness of the artery are determined by a minimum work principle. This development ties together with the previous work (Satha et al. [@CR26]), where we studied how local changes in volumetric blood flow or pressure, due to, for instance, disease, injury, and surgery, trigger growth and remodeling (Humphrey [@CR12]) toward a homeostatic target state. In this paper, we develop a theory that determines this target homeostatic radius, wall thickness, and material composition, the artery wall being a composite of different constituents with nonlinear material properties (Holzapfel et al. [@CR8]). In order to keep the theory as simple as possible, we assume the vessel to be of cylindrical shape, and we use a theory for thin-walled structures.

The blood vessel wall mainly consists of elastin, collagen, and smooth muscle (Boron and Boulpaep [@CR2], pp. 473--481). Thus, we model the vessel wall as a composite of multiple orthotropic, nonlinear elastic materials that deform together as the vessel stretches in the circumferential direction due to the transmural pressure, as described in the literature (Humphrey and Rajagopal [@CR13]; Gleason and Humphrey [@CR7]; Valentín and Humphrey [@CR33]; Valentín et al. [@CR32]; Satha et al. [@CR26]). The target composition and radius are assumed to minimize the cost---that is, the power per unit length of blood vessel---required to maintain and pump the blood contained within the vessel and to maintain the materials of the vessel wall, as previously proposed (Taber [@CR29]; Klarbring et al. [@CR15]; Liu and Kassab [@CR21]). The goal function of the system is then taken to be this cost function subject to the constraints imposed by the mechanical equilibrium of the vessel wall. Since the elastin content changes very slowly in the vascular system of adult individuals (Tsamis et al. [@CR31]), the amount of elastin is essentially beyond the control of the growth and remodeling process. Therefore, we regard the amount of elastin as a parameter to the system. The goal function is then parameterized by the blood pressure, the volumetric flow rate, and the amount of elastin. These parameters, in turn, are functions of time, and their fluctuations lead to fluctuations of the target geometry and composition.

Experimental studies show that an increased blood pressure $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$ increases the thickness of the vessel wall through growth and that the vessel adapts to achieve a homeostatic state (Matsumoto and Hayashi [@CR23]; Hu et al. [@CR11]). These studies also show that changes in blood pressure affect the material composition of the vessel wall. Similarly, the volumetric flow rate $\documentclass[12pt]{minimal}
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                \begin{document}$$u$$\end{document}$ has a strong impact on a blood vessel's radius and composition: The radius $\documentclass[12pt]{minimal}
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                \begin{document}$$r$$\end{document}$ is increased when the flow rate is increased, so that the shear stress of the fluid on the epithelial cells, that is, the interior lining of the vessel wall, is kept at a homeostatic state (Brownlee and Langille [@CR3]). On a longer timescale, the material composition of the vessel wall also changes with increased flow rate (Kubis et al. [@CR16]). It was suggested in an early work by Murray ([@CR24]) that the target dimensions of the blood vessel are governed by the minimization of metabolic power needed to maintain the materials of the vascular system and to overcome the hydrodynamic resistance from the vessel for a given demand of supplied blood. This minimization principle leads to Murray's law$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} r \propto u^{1/3}, \end{aligned}$$\end{document}$$which is in fair agreement with the experimental data (Sherman [@CR27]; Taber et al. [@CR30]). Later, Murray's law was modified by taking the metabolic cost of the vessel wall into account (Taber [@CR29]), including the active behavior of smooth muscle. This latter approach relates the shear stress of the homeostatic state to the pressure, the thickness of the vessel wall, and the degree of smooth muscle metabolism. Klarbring et al. ([@CR15]) and Liu and Kassab ([@CR21]) have further developed the cost function approach by considering minimization of the cost for the vascular tree as a whole in their formulations.

To the knowledge of the authors, the fact that the artery wall is composed of several constituents with orthotropic, nonlinear properties (Holzapfel et al. [@CR8]) has not been considered in previous studies of the cost-optimal geometry and composition of artery walls. Because the elastin content of the artery is essentially unchanging at the timescales of growth and remodeling (Tsamis et al. [@CR31]), there is not a unique optimal target composition of the artery wall for a given set of flow parameters; the optimal state depends on the given amount of elastin, and its slow variations due to degradation. The target composition may then be coupled to the material properties of the composite artery wall.

To find the cost-optimal geometry and composition of an artery with a nonlinear mechanical behavior, it is necessary to consider a mechanical model of the artery wall in conjunction with a cost function derived from the power required to maintain the materials and blood flow of the artery. We briefly outline the mechanical model, based on constrained mixture theory (Humphrey and Rajagopal [@CR13]; Gleason and Humphrey [@CR7]; Valentín and Humphrey [@CR33]; Valentín et al. [@CR32]; Satha et al. [@CR26]), in Sect. [2.1](#Sec3){ref-type="sec"}. This yields an equilibrium equation that relates the transmural pressure to the vessel geometry and composition of a homeostatic state. A description of the principle of cost-optimization for the artery wall follows in Sect. [2.3](#Sec5){ref-type="sec"}, and a goal function is subsequently formulated, whose minima correspond to a minimal cost of homeostatic states that satisfy the equilibrium equation (Sect. [2.4](#Sec6){ref-type="sec"}). We analyze how the cost-optimal state of the vessel varies with volumetric flow rate, pressure, and elastin content in Sect. [3](#Sec7){ref-type="sec"}.

Theory {#Sec2}
======

Constrained mixture thin-walled tube theory {#Sec3}
-------------------------------------------

We consider a cylindrical tube composed of a mixture of $\documentclass[12pt]{minimal}
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                \begin{document}$$n$$\end{document}$ materials, whose respective mechanical properties are represented by their strain energy functions $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi ^k,k=1\;\ldots \;n$$\end{document}$. A constrained mixture theory is used, implying that all constituents have the same deformation. This deformation, with respect to a given, fixed reference configuration, is represented by a circumferential strain $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ and a supposed constant axial strain $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta $$\end{document}$. For a pressure difference $\documentclass[12pt]{minimal}
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                \begin{document}$$p$$\end{document}$ between the interior and exterior of the tube, integration of the standard radial equilibrium equation gives$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} p=\int \limits _{\rho _0}^{\rho _1}(\sigma _\varphi - \sigma _\rho )\frac{d\rho }{\rho }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ is the radial coordinate which varies between an inner radius $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _0$$\end{document}$ and an outer radius $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _1$$\end{document}$. For an incompressible material, the stress difference between circumferential stress $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _\varphi $$\end{document}$ and the radial stress $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _\rho $$\end{document}$ can, cf. Holzapfel and Ogden ([@CR9]), be written$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \sigma _\varphi -\sigma _\rho =\sum _{k=1}^n\phi ^k \lambda \frac{\partial \psi ^k}{\partial \lambda }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi ^k$$\end{document}$ denotes the volume fraction of constituent $\documentclass[12pt]{minimal}
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                \begin{document}$$k$$\end{document}$. Introducing Eq. ([3](#Equ3){ref-type=""}) into Eq. ([2](#Equ2){ref-type=""}) and making a thin-walled tube assumption, cf. Satha et al. ([@CR26]) for details, result in$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} p=\frac{1}{2\pi \lambda \delta R^2}\frac{\partial }{\partial \lambda }\sum _{k=1}^n A^k\psi ^k, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$R$$\end{document}$ is the radius of the, now thin-walled, reference configuration, and $\documentclass[12pt]{minimal}
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                \begin{document}$$A^k$$\end{document}$ is the effective reference area obtained by multiplying the volume fraction $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi ^k$$\end{document}$ by the total reference cross-sectional area. The radius of a deformed, thin-walled tube is expressed as $\documentclass[12pt]{minimal}
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                \begin{document}$$r=\lambda R$$\end{document}$.

Essentially following Baek et al. ([@CR1]), we take the effective areas to be represented by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A^{k}=A^{k}(0)Q^{k}(t)+\int \limits ^{t}_{0}\fancyscript{A}^{k} (\tau )q^{k}(t-\tau )d\tau ,\quad t \ge 0 \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$A^{k}(0)$$\end{document}$ is the original effective area of constituent $\documentclass[12pt]{minimal}
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                \begin{document}$$k, Q^{k}(t)$$\end{document}$ is the fraction of constituent $\documentclass[12pt]{minimal}
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                \begin{document}$$k$$\end{document}$ that was produced before time 0 and remains at time $\documentclass[12pt]{minimal}
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                \begin{document}$$t, \fancyscript{A}^{k}(t)\ge 0$$\end{document}$ is the rate of production of effective area at time $\documentclass[12pt]{minimal}
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                \begin{document}$$q^{k}(t)\ge 0$$\end{document}$ is a monotonically decreasing survival function such that $\documentclass[12pt]{minimal}
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                \begin{document}$$q(0)=1$$\end{document}$.

By assuming that materials created at different time instances contribute to the strain energy in proportion to the remaining area fractions, we obtain (Baek et al. [@CR1])$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A^{k}\psi ^{k}(\lambda )&= A^{k}(0)Q^{k}(t)\varPsi ^{k} \left[ \lambda ^{k}(t,0)\right] \nonumber \\&+ \int \limits ^{t}_{0}\fancyscript{A}^{k}(\tau )q^{k}(t-\tau ) \varPsi ^{k}\left[ \lambda ^{k}(t,\tau )\right] d\tau , \end{aligned}$$\end{document}$$where, $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi ^{k}\left[ \lambda ^{k}(t,\tau )\right] $$\end{document}$ is the strain energy density with respect to a natural, stress-free configuration and characterizes the nonlinear, elastic behavior (Baek et al. [@CR1]). Also, $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda ^{k}(t,\tau )$$\end{document}$ is the stretch at time $\documentclass[12pt]{minimal}
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                \begin{document}$$t$$\end{document}$ for materials produced at time $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$. Hence, (Baek et al. [@CR1])$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lambda ^{k}(t,\tau )=\frac{\lambda (t)}{\lambda (\tau )}G^k_\mathrm {h}. \end{aligned}$$\end{document}$$The ratio $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda (t)/\lambda (\tau )$$\end{document}$ is the stretch developed during the time interval $\documentclass[12pt]{minimal}
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                \begin{document}$$G^k_\mathrm {h}$$\end{document}$ is the homeostatic prestretch of constituent $\documentclass[12pt]{minimal}
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Timescales and homeostatic conditions {#Sec4}
-------------------------------------

We recognize different timescales in the process of growth and remodeling of the vascular system. The high-frequency scale is that of the heartbeat. It was shown in Satha et al. ([@CR26]) that Eq. ([4](#Equ4){ref-type=""}) is approximately valid for average quantities if the change of $\documentclass[12pt]{minimal}
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                \begin{document}$$A^k$$\end{document}$ is taken to be much slower than that of the heartbeat timescale. Moreover, we distinguish between two processes in the slow change in $\documentclass[12pt]{minimal}
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                \begin{document}$$A^k$$\end{document}$. First, there is the change of homeostatic values. Secondly, there is the process of approaching these homeostatic target values when, say, a perturbation of the state occurs. The stability of the second type of process was previously investigated in Satha et al. ([@CR26]). Complementary to this, in the present paper, we study the target homeostatic state and its dependence on the imposed flow conditions. Such states are defined by a time-constant stretch $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda (\tau )\equiv \hat{\lambda }$$\end{document}$ as well as a time-constant composition of materials $\documentclass[12pt]{minimal}
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                \begin{document}$$A^k \equiv \hat{A}^k$$\end{document}$. There are two classes of constituents for which steady-state conditions are possible (Satha et al. [@CR26]):(i)Constituents that degrade, $\documentclass[12pt]{minimal}
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                \begin{document}$$t\rightarrow \infty $$\end{document}$, and grow, $\documentclass[12pt]{minimal}
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                \begin{document}$$\fancyscript{A}^k > 0$$\end{document}$.(ii)Constituents that neither degrade, $\documentclass[12pt]{minimal}
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                \begin{document}$$Q^k = q^k = 1$$\end{document}$, nor grow, $\documentclass[12pt]{minimal}
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                \begin{document}$$\fancyscript{A}^k = 0$$\end{document}$.The set of constituent indices belonging to class (i) and (ii) are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$S_\mathrm {ii}$$\end{document}$, respectively. Equations ([5](#Equ5){ref-type=""}) and ([6](#Equ6){ref-type=""}) result in (Satha et al. [@CR26])$$\documentclass[12pt]{minimal}
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                \begin{document}$$G^k_0 = G^k_\mathrm {h} / \lambda (0)$$\end{document}$ is the initial prestretch of constituent $\documentclass[12pt]{minimal}
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                \begin{document}$$t=0$$\end{document}$.

Introducing Eq. ([8](#Equ8){ref-type=""}) into a time-averaged version of Eq. ([4](#Equ4){ref-type=""}), and evaluating for $\documentclass[12pt]{minimal}
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                \begin{document}$$A^k = A^k(t) = \hat{A}^k$$\end{document}$, we get (Satha et al. [@CR26])$$\documentclass[12pt]{minimal}
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Principle of cost-optimization {#Sec5}
------------------------------

As proposed by Murray ([@CR24]), it is assumed herein that the blood vessel growth and remodeling strive toward cost-optimization of the vascular system. This assumption has been widely used in previous modeling work (Taber [@CR29]; Klarbring et al. [@CR15]; Liu and Kassab [@CR21]). In this work, we take the target homeostatic state to be governed by such an optimization rule.
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There is also a metabolic cost for the blood. This is again taken as proportional to the volume, i.e., it is proportional to $\documentclass[12pt]{minimal}
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Finally, we take into account the energy per unit time consumed by the heart to maintain a certain volumetric flow rate. If we assume that the Hagen--Poiseuille equation governs the flow, the power per unit length of blood vessel required to overcome the viscous drag is (Taber [@CR29])$$\documentclass[12pt]{minimal}
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The optimization problem and its minima {#Sec6}
---------------------------------------
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The model is next simplified by assuming that the blood vessel wall consists of two constituents only: elastin, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k =\;$$\end{document}$'e'$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\;\in S_{\mathrm {ii}}$$\end{document}$, and components with a finite turnover including collagen and smooth muscle, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k =\;$$\end{document}$'t'$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\; \in S_\mathrm {i}$$\end{document}$. This classification incorporates the assumption that the elastin content is essentially constant over time (Tsamis et al. [@CR31]), while other constituents have a substantially faster turnover, with a timescale of approximately 2 months (Nissen et al. [@CR25]; Martufi and Gasser [@CR22]). Smooth muscle is metabolically more expensive than collagen, and it is present in the vascular system to help pumping blood and to control high-frequency adaptation to changing demands of blood. The fraction of smooth muscle is then likely related to the fluctuations of the flow conditions rather than their time-averaged values. However, these dynamics are beyond the scope of this study, and we introduce the simplifying assumption that the ratio of the amount of collagen to the amount of smooth muscle is constant for any given artery.

For the two constituents, 'e' and 't,' we can express the equilibrium equation ([16](#Equ16){ref-type=""}) as$$\documentclass[12pt]{minimal}
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If we assume that the metabolic cost of the vessel wall is much smaller than that of the blood, $\documentclass[12pt]{minimal}
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Results and discussion {#Sec7}
======================

The cost-optimal target geometry and composition of the vessel wall are found at the minimum stationary point of the goal function. The locus of this stationary point depends on the parameters of the goal function, including pressure $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{A}^{{\mathrm {e}}}$$\end{document}$, and parameters related to the material model for elastin. These parameters vary within a population as well as with time for each individual due to, e.g., aging, changes in body mass, medical treatments, or the development of diseases. In Sect. [3.2](#Sec9){ref-type="sec"}, we perform parameter studies to quantify these variations in the optimal state. However, we first need to be explicit about the material model and its parameters.

Parameter identification and material model {#Sec8}
-------------------------------------------
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Parametric studies {#Sec9}
------------------

In this section, we consider the effects of the volumetric flow rate, pressure, and elastin content on the radius $\documentclass[12pt]{minimal}
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From the point of view of growth stability, it is of great interest to assess whether the stationary points of the goal function are minima. With the prototypical values from Table [1](#Tab1){ref-type="table"}, we have evaluated Eq. ([28](#Equ28){ref-type=""}) for a wide range of the radius $\documentclass[12pt]{minimal}
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### Volumetric flow rate {#Sec10}
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When the cost of wall materials is taken to be zero, $\documentclass[12pt]{minimal}
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The rise in the amount of 't'-material for low-volume flows corresponds to the elastin being in a state of compression, requiring additional 't'-material, with constant stress $\documentclass[12pt]{minimal}
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### Pressure {#Sec11}
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Under normal circumstances, with a typical pressure $\documentclass[12pt]{minimal}
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### Elastin content {#Sec12}

Although the elastin content is essentially constant (Tsamis et al. [@CR31]), it may degrade over very long timescales, e.g., the lifetime of an individual. This motivates a study on how variations---particularly reductions---in elastin content affect the homeostatic target vessel geometry and composition.

Figure [3](#Fig3){ref-type="fig"}a, c show how the radii of the radial and carotid arteries, respectively, vary with the elastin content. When $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha ^{{\mathrm {t}}} \ne 0$$\end{document}$, elastin is replaced by metabolically more expensive materials. This is predicted to lead to a reduction of the vessel radius when elastin degrades (Fig. [3](#Fig3){ref-type="fig"}a--c, dashed and dotted lines).

Comparison between radial and carotid artery {#Sec13}
--------------------------------------------

To demonstrate the general applicability of the proposed model, two types of arteries, the radial artery and the common carotid artery, are compared. These arteries are very different in terms of diameter and blood flow, but have a similar transmural pressure. The fraction of elastin is much greater in the carotid artery (Table [1](#Tab1){ref-type="table"}).
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In the cases of pressure dependence and elastin content dependence, the radial and carotid arteries display the same qualitative behavior, which clearly differs from Murray's law (Figs. [2](#Fig2){ref-type="fig"}a--d, [3](#Fig3){ref-type="fig"}a--d).

Conclusions {#Sec14}
===========

The design of the vascular system is assumed to be governed by the physiological principle of minimum work (Murray [@CR24]). It is thus an optimization process that governs the architecture of arteries. On this basis, we have formulated a theoretical frame that extends Murray's law to include growth and remodeling, and the nonlinear mechanics of the artery wall. A goal function, novel to this application, is formulated using an expression for the power required to pump blood and the total metabolic power needed to maintain the blood and the wall of the artery.

We have shown that there exists a minimum stationary point for a wide range of the volumetric flow rate and the pressure around the prototypical parameter values for the radial and the common carotid artery. In theory, however, this minimum could be lost for a strongly strain-stiffening elastin fraction.

Taking the cost of wall materials into account reduces the radius of the target homeostatic state and also renders this target radius pressure-dependent. A reduction in the amount of elastin in the artery wall reduces the radius of the target homeostatic state.

The greatest value of the present work may be its ability to depict the variations of the target homeostatic state under dynamic flow conditions. This theoretical frame can then be integrated into models for growth and remodeling(Satha et al. [@CR26]; Taber [@CR29]) to capture the coupled dynamics of remodeling and fluctuation of the target state.
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